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Abstract
We study the extensions of teleparallism in the Kaluza-Klein (KK) scenario by writing the anal-
ogous form to the torsion scalar TNGR in terms of the corresponding antisymmetric tensors, given
by TNGR = aTijk T
ijk + b Tijk T
kji + c T jji T
k
k
i, in the four-dimensional New General Relativity
(NGR) with arbitrary coefficients a, b and c. After the KK dimensional reduction, the Lagrangian
in the Einstein-frame can be realized by taking 2a+ b+ c = 0 with the ghost-free condition c ≤ 0
for the one-parameter family of teleparallelism. We demonstrate that the pure conformal invariant
gravity models can be constructed by the requirements of 2a+ b = 0 and c = 0. In particular, the
torsion vector can be identified as the conformal gauge field, while the conformal gauge theory can
be obtained by 2a + b + 4c = 0 or 2a + b = 0, which is described on the Weyl-Cartan geometry
Y4 with the ghost-free conditions 2a + b + c > 0 and c 6= 0. We also consider the weak field
approximation and discuss the non-minimal coupled term of the scalar current and torsion vector.
For the conformal invariant models with 2a + b = 0, we find that only the anti-symmetric tensor
field is allowed rather than the symmetric one.
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I. INTRODUCTION
The well-known five-dimension gravity theory is called the Kaluza-Klein (KK) theory [1,
2] with the concept of unifying electromagnetic and gravitational forces in the high dimen-
sional spacetime. The fifth dimension is regarded as a circle S1 under the spontaneous
compactification, where the full spacetime manifold is a product manifold M4 × S1. The
scalar-tensor theories can be induced by the KK reduction of the effective theories [3, 4].
The alternative gravitational theory under the absolutely parallelism was originally pro-
posed by Einstein [5], in which the connection is constructed by the commutation coefficients
and the Lagrangian would lead to the symmetric equations of motion [6]. Nowadays, we
recognize that the geometry is the Weitzenbo¨ck geometry T4 and the corresponding gravi-
tational theory is called teleparallel equivalent to general relativity (TEGR). New General
Relativity (NGR) was presented by Hayashi and Shirafuji [7], which is one of the general-
izations in teleparallelism with the equivalence outcome as general relativity (GR). In NGR,
the torsion scalar is given by
TNGR = a Tρµν T
ρµν + b Tρµν T
νµρ + c T ννµ T
σ
σ
µ, (1.1)
where the torsion tensor is defined by the Weitzenbo¨ck connection and the coefficients a,
b and c are arbitrary. In particular, the torsion scalar denoted by T is given by (a, b, c) =
(1/4, 1/2,−1) for TEGR. The choices of the coefficients have been explored in the litera-
ture [7–12]. Recently, several specific extensions in teleparallelism have been investigated,
such as models with the teleparallel dark energy [13] and f(T ) [14, 15].
Teleparallelism in the KK scenario has been discussed in [16–21]. In this study, we con-
sider the high dimensional gravity theory based on the analogous form to (1.1) in the four
dimensional NGR theory. It is known that (1.1) in NGR provides a much richer structure
than those in TEGR and GR due to the arbitrariness of the coefficients. Under the KK
reduction, the effective Lagrangian will contain new couplings associated with some combi-
nations of the coefficients. We will build the conformal invariant models in teleparallelism
and examine the constraints on these new couplings
This paper is organized as follows. In Sec. II, we first introduce the NGR gravity theory
on the Weitzenbo¨ck geometry in four dimensions and then extend it to a higher dimension.
By following the KK reduction procedure, we obtain the effective Lagrangian in the four-
dimensional spacetime. In Sec. III, we present some specific models with the conformal
2
transformations for the zero modes in the effective Lagrangians. We study the conditions
for having the theory in the Einstein-frame and with the conformal invariant, respectively.
In Sec. IV, we analyze the weak field approximation of the four-dimensional effective theory
and discuss the cases in the conformal invariant models. Finally, we give the conclusions in
Sec. V.
II. KALUZA-KLEIN REDUCTION IN TELEPARALLELISM
A. The Weitzenbo¨ck Background
In the four-dimensional Weitzenbo¨ck geometry T4, the orthonormal coframe ϑ
i = eiµ dx
µ
is associated with the Minkowski metric ηij = diag(+1,−1,−1,−1), which gives the relation
of the four-dimensional metric gµν = ηij e
i
µ e
j
ν , where Greek indices µ, ν, ρ, . . . = 0, 1, 2, 3 and
Latin indices i, j, k, . . . = 0ˆ, 1ˆ, 2ˆ, 3ˆ denote as the coordinate and orthonormal frame indices,
respectively.1 The frame fields (vielbein) eiµ and their inverse e
µ
i connect the coordinate and
orthonormal frames via ei = e
µ
i ∂µ and ϑ
i = eiµ dx
µ, which satisfy the relations eiµ e
µ
j = δ
i
j
and eµi e
i
ν = δ
µ
ν . In the Weitzenbo¨ck geometry, the absolute parallelism of the frame fields
define the Weitzenbo¨ck connection from the zero covariant derivative of the frame fields
∇νeiµ = ∂νeiµ − eiρ Γρµν = 0, resulting in Γρµν = eρi ∂νeiµ. The torsion tensor is given by the
anti-symmetric part of the Weitzenbo¨ck connection T ρµν = e
ρ
i (∂µe
i
ν − ∂νeiµ). Consequently,
the torsion scalar for TEGR can be written as the form in (1.1) in the coordinate frame, or
T = a Tijk T
ijk + b Tijk T
kji + c T jji T
k
k
i (2.1)
in the orthonormal frame with (a, b, c) = (1/4, 1/2,−1). Subsequently, the torsion scalar
can be rewritten as
T =
1
2
T ρµν Sρ
µν , (2.2)
where Sρ
µν = Kµνρ + δ
µ
ρ T
σν
σ − δνρ T σµσ with the contorsion Kρµν = (−1/2)(T ρµν − Tµρν −
Tν
ρ
µ). The integration of the torsion scalar
STEGR =
1
2κ
∫
d4x e T (2.3)
1 We use the hatted number to represent the components in the orthonormal frame.
3
yields the gravitational action equivalent to GR up to the divergence, so-called TEGR, where
κ = 8pi G is the gravitational coupling and e ≡ det(eiµ).
The generalization of TEGR can be realized by using the arbitrary coefficients (a, b, c)
instead of (1/4, 1/2,−1) in (1.1) and (2.1). In NGR, the Lagrangian density in the orthonor-
mal frame is given by (2.1) without specific values for (a, b, c), which can be reformulated to
be
TNGR =
1
2
T ijk Σi
jk , (2.4)
where
Σi
jk = 2a Ti
jk + b (T kji − T jki) + c (δki T lj l − δji T lkl) . (2.5)
B. The Kaluza-Klein Reduction
(i) Geometric part
In the five-dimensional Weitzenbo¨ck geometry T5, the metric is given by g¯MN = η¯IJ e
I
M e
J
N ,
where M,N = 0, 1, 2, 3, 5, I, J = 0ˆ, 1ˆ, 2ˆ, 3ˆ, 5ˆ, and η¯IJ = diag(+1,−1,−1,−1,−1) is the
metric in the orthonormal frame. In the orthonormal frame, it is convenient to calculate
torsion components by the first Cartan structure equation T¯ I = dϑ¯I . The decompositions
of the torsion 2-forms are T¯ i = (1/2) T¯ ijk ϑ¯
j ∧ ϑ¯k+ T¯ i5ˆj ϑ¯5ˆ∧ ϑ¯j and T¯ 5ˆ = (1/2) T¯ 5ˆij ϑ¯i ∧ ϑ¯j +
T¯ 5ˆ5ˆi ϑ¯
5ˆ ∧ ϑ¯i.
In the Kaluza-Klein theory, we take the five-dimensional spacetime to be a product
manifold T5 = T4×S1 with the fifth dimension compactifying to S1 and the five-dimensional
metric g¯ in the coordinate frame as
g¯MN =

gµν − κ2φ2AµAν κφ2Aµ
κφ2Aν −φ2

 , (2.6)
where g¯µν , Aµ and φ depend on x
µ and y coordinates, and the constant κ has a mass
dimension of [κ] = −1. The corresponding coframes in T5 are
ϑ¯i = eiµ dx
µ , (2.7a)
ϑ¯5ˆ = e5ˆµ dx
µ + e5ˆ5 dx
5 = −κφAµ dxµ + φ dy (2.7b)
with y ≡ x5. From (2.7a) and (2.7b), we have the inverse relation
dy = e5i ϑ¯
i + e5
5ˆ
ϑ¯5ˆ = κAµ e
µ
i ϑ¯
i +
1
φ
ϑ¯5ˆ . (2.8)
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The components of the torsion tensor in the orthonormal frame are obtained by
T¯ ijk = T
i
jk + κAµ(∂5e
i
ν)(e
µ
j e
ν
k − eµkeνj ) , (2.9a)
T¯ i5ˆj =
1
φ
(∂5e
i
µ)e
µ
j , (2.9b)
T¯ 5ˆij = −κ
2
φ eµi e
ν
j Fµν + κ
2 φAµ(∂5Aν)(e
ν
i e
µ
j − eνj eµi ), (2.9c)
T¯ 5ˆi5ˆ =
1
φ
eµi (∂µφ) +
1
φ
κAµ e
µ
i (∂5φ) + κ e
µ
i (∂5Aµ) , (2.9d)
where Fµν := ∂µAν − ∂νAµ and T ijk = eµj (∂µeiν)eνk − eµk(∂µeiν)eνj , which are four-dimensional
quantities without involving the fifth component.
The extended torsion scalar in D-dimension, (D)T (ext), can be shown in a similar way as
(2.4). In particular, the five-dimensional extended torsion scalar is given by
(5)T (ext) = a T¯LMN T¯
LMN + b T¯LMN T¯
NML + c T¯LLM T¯
N
N
M . (2.10)
We decompose the contraction of the fifth component part from the extended torsion scalar,
expressed as
(5)T (ext) = T¯NGR + 2a T¯i5ˆjT¯
i5ˆj + a T¯5ˆijT¯
5ˆij + b T¯i5ˆjT¯
j5ˆi + 2b T¯5ˆijT¯
ji5ˆ
+ (2a+ b+ c) T¯5ˆi5ˆT¯
5ˆi5ˆ + 2c T¯ jj
iT¯ 5ˆ5ˆ
i + c T¯ ii5ˆT¯
j
j
5ˆ , (2.11)
where the torsion scalar T¯NGR is in the five-dimensional geometric form, constructed by T¯
i
jk
in (2.9a). According to (2.9), we can write down 8 terms for each extended five-dimensional
torsion scalar (2.11), as shown in Appendix A.
One can consider the n-mode harmonic expansions with the fifth dimensional radius r
for eiµ, Aµ and φ, given by
eiµ(x
µ, y) =
∑
n
ei(n)µ (x
µ) einy/2r , (2.12a)
Aµ(x
µ, y) =
∑
n
A(n)µ (x
µ) einy/r , (2.12b)
φ(xµ, y) =
∑
n
φ(n)(xµ) einy/r , (2.12c)
respectively. We specify the physical gravitational fields as the metric tensor with the har-
monic expansion of the form gµν(x, y) =
∑
n g
(n)
µν (x) einy/r. Similarly, the harmonic expansion
of eµi is defined by e
µ
i (x, y) =
∑
n e
µ(n)
i (x) e
−iny/2r in order to satisfy the orthonormality rela-
tion. The mass squared n2/r2 will be generated by the derivative respect to the y coordinate.
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The action of the zeroth KK mode (n = 0) in the four-dimensional effective extended
gravity in teleparallism can be written as
S(0)g =
∫
d4x e(0)
(
1
2κ4
φ(0) T
(0)
NGR −
aκ2
8κ4
φ(0) 3 g(0)µρg(0) νσF (0)µν F
(0)
ρσ
+
2a+ b+ c
2κ4
1
φ(0)
g(0)µν∂µφ
(0)∂νφ
(0) − c
κ4
g(0)µν T (0)µ ∂νφ
(0)
)
, (2.13)
where κ4 := κ5/λ = 8piG5/λ is the effective gravitational constant with the fifth dimensional
integral factor λ ≡ 2pir, κ can be chosen as √κ4, and T (0)µ := T (0) ννµ is the torsion vector.
The effective action (2.13) is invariant under the global conformal transformation in the
absence of the vector field A
(0)
µ , which can be identified as the electromagnetic field, while
the associated Noether current density is J
(0)
µ := e(2a + b+ c)∂µφ
(0)/κ4.
Note that in the case of the five-dimensional TEGR theory, the action (2.13) with
(a, b, c) = (1/4, 1/2,−1) can be reduced to those in [16] and [20, 21] with φ(0) = 1 and
A
(0)
µ = 0, respectively.
(ii) Matter part
We now add the matter Lagrangian (5)Lm = (5)e Lm(eIM ,Ψ,DMΨ) into the effective action
(2.13), where DM is the covariant derivative of the matter field Ψ. The n-mode harmonic
expansion of Ψ is given by
Ψ(xµ, y) =
∑
n
Ψ(xµ) einy/r . (2.14)
The term D5Ψ will produce the KK mass terms for the Ψ field. For the massless zero
mode, the matter field Ψ(0) is assumed to be localized on the T4 hypersurface. After the KK
reduction, the effective matter Lagrangian becomes
L(0)m, eff = e(0)λφ(0)Lm(ei(0)µ , A(0)µ , φ(0),Ψ(0),DµΨ(0)) . (2.15)
Without confusion, we shall drop all the superscript (0) in our discussion for the four-
dimensional effective theory. We can vary the full action S = Sg + Sm with respect to e
i
µ,
Aµ and φ, resulting in
1
2
eµi
(
φ TNGR − aκ
2
4
φ3 gλρgνσFλν Fρσ +
2a + b+ c
φ
gλν∂λφ ∂νφ
−2 c gλν Tλ ∂νφ
)
− eρi
{
φ T jρν Σj
µν − aκ
2
2
φ3 gµλgνσ Fλν Fρσ
+
2a+ b+ c
φ
gµλ∂λφ ∂ρφ− c
(
∂σφ T
µ
ρ
σ + ∂ρφ T
µ + ∂µφ Tρ
)}
6
+
1
e
∂ν
{
e
(
φΣi
µν − c eµi ∂νφ+ c eνi ∂µφ
)}
= κ4λφΘ
µ
i , (2.16a)
λ
e
δLm
δAν
+
1
e
aκ2
2κ4
φ2 ∂µ
(
eF µν
)
+
3aκ2
2κ4
φ ∂µφF
µν = 0 , (2.16b)
TNGR − 3aκ
2
4
φ2 gµρgνσFµνFρσ + 2κ4λ
(
Lm +
φ
e
δLm
δφ
)
+
2a+ b+ c
φ2
(
gµν∂µφ∂νφ− 2φ ˆφ
)
+
2c
e
∂ν
(
egµνTµ
)
= 0 , (2.16c)
respectively, where ˆ := (1/e)∂ν(eg
µν∂µ) and Θ
µ
i := (−1/e)(δLm/δ eiµ) is the dynamical
energy-momentum tensor with Lm := eLm.
III. SPECIFIC MODELS
We now concentrate on the four-dimensional effective theory in (2.13). With the con-
formal transformations of the metric tensor and frame fields to be g˜µν = Ω
2(x) gµν and
e˜iµ = Ω e
i
µ, respectively, the corresponding matter Lagrangian is given by
λφLm(gµν , Aµ, φ,Ψ,DµΨ) = λφΩ−4e˜Lm(Ω2g˜µν , A˜µ, φ˜, Ψ˜, D˜µΨ˜) , (3.1)
where e = Ω−4e˜. In the 4-dimensional spacetime, we have the conformal transformations
T˜ iµν = ΩT
i
µν + (∂µΩ) e
i
ν − eiµ (∂νΩ) , (3.2a)
T˜µ = Tµ − 3Ω−1 ∂µΩ , (3.2b)
for the torsion tensor and vector, respectively. By extending the transformations to the
torsion scalar of NGR, we obtain
TNGR =Ω
2 T˜NGR +
(
4 a+ 2 b+ 6 c
)
g˜µνT˜µ(Ω ∂νΩ)
+
(
6 a+ 3 b+ 9 c
)
g˜µν∂µΩ ∂νΩ . (3.3)
In Appendix B, we show the formulas of the D-dimensional conformal transformation for
the torsion tensor.
For the massless scalar field φ, the conformal transformation is φ˜ = Ωλφ φ with the
conformal weight parameter λφ. On the other hand, one has A˜µ = Aµ and F˜µν = Fµν for the
vector field and field strength, which are independent of the metric, respectively. Finally,
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the conformal transformed effective Lagrangian is found to be
Lg = e˜ Ω
−(λφ+2)
2κ4
{
φ˜ T˜NGR + Ω
−1
(
4 a+ 2 b+ (6 + 2λφ) c
)
φ˜ g˜µν T˜µ ∂νΩ
+ Ω−2
(
(6 + 2λ2φ) a+ (3 + λ
2
φ) b+ (9 + 6 λφ + λ
2
φ) c
)
φ˜ g˜µν ∂µΩ ∂νΩ
− Ω−2(λφ−1) aκ
2
4
φ˜ 3 g˜µρg˜νσF˜µνF˜ρσ +
(
2a+ b+ c
)
1
φ˜
g˜µν∂µφ˜ ∂ν φ˜
− 2 c g˜µν T˜µ ∂ν φ˜+ Ω−1
(
− 4λφ a− 2 λφ b− (2 λφ + 6) c
)
g˜µν ∂µΩ ∂ν φ˜
}
.
(3.4)
Due to the undetermined coefficients (a, b, c), we would examine the necessary conditions
for having the Einstein-frame as well as conformal invariant models. By taking λφ = −2
with the conformal scalar ω := lnΩ, the Lagrangian (3.4) becomes
Lg = e˜ 1
2κ4
{
φ˜ T˜NGR +
(
4 a+ 2 b+ 2 c
)
φ˜ g˜µν T˜µ ∂νω
+
(
14 a+ 7 b+ c
)
φ˜ g˜µν ∂µω ∂νω
− e6ω aκ
2
4
φ˜ 3 g˜µρg˜νσF˜µνF˜ρσ +
(
2a+ b+ c
)
1
φ˜
g˜µν∂µφ˜ ∂νφ˜
− 2 c g˜µν T˜µ ∂ν φ˜+
(
8 a+ 4 b− 2 c
)
g˜µν ∂µω ∂νφ˜
}
. (3.5)
A. Einstein-Frame Condition
In general, the Einstein-frame does not exist for the non-minimal torsion scalar φTNGR
due to the non-minimal coupling g˜µνT˜µ(Ω ∂νΩ) generated in (3.3), which is different from
the transformation of the curvature scalar in GR. In order to transform the effective action
(2.13) from the Jordan-frame to Einstein-frame, we only focus on the gravitational part and
choose φ˜ = Ω−2 φ = 1. If the coefficients in (3.5) satisfy the condition
2 a+ b+ c = 0 , (3.6)
the Einstein-frame is obtained by eliminating the term g˜µνT˜µ∂νω. As a result, the Lagrangian
in (2.13) is reduced to
Lg = e 1
2κ4
(
φ TNGR − 2 c gµνTµ∂νφ− aκ
2
4
φ3 gµρgνσFµνFρσ
)
. (3.7)
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In the corresponding Einstein-frame, it reads as
L(E)g = e˜
(
1
2κ4
T˜NGR − c
2
g˜µν∂µϕ∂νϕ− aκ
2
8κ4
e6ω g˜µρg˜νσF˜µνF˜ρσ
)
, (3.8)
where ϕ :=
√
6/κ4 ω, As seen from (3.8), to avoid the ghost field, one has an additional
condition c ≤ 0. As a result, the conditions
2a+ b+ c = 0 and c ≤ 0 (3.9)
are needed to have the Einstein-frame. For a simple choice of c = −1, one gets the minimal
coupled one-parameter family model with 2a+ b = 1 in teleparallelism [7, 10, 11].
We note that the coefficients (a, b, c) = (1/4, 1/2,−1) satisfy (3.6), which reduce (3.7)
to be the case of TEGR in the KK theory with the gauge field Aµ, whereas that for the
Lagrangian (3.8) of TEGR in the Einstein-frame without Aµ has been presented in [21].
B. Conformal Invariant
It is apparent that (3.4) or (3.5) is not conformal invariant in the presence of the vector
field Aµ. For the case without Aµ, from (3.5) we obtain the requirements of a conformal
invariant theory by only keeping the terms of φ˜−1 g˜µν∂µφ˜ ∂νφ˜ and g˜
µν T˜µ ∂ν φ˜, given by
4a+ 2b+ 2c = 0 , (3.10a)
14a+ 7b+ c = 0 , (3.10b)
8a + 4b− 2c = 0 . (3.10c)
The solution for (3.10) is
2a+ b = 0 and c = 0 (3.11)
corresponding to the simple one-parameter conformal invariant gravity in teleparallelism.
The action is given by
S(c)g =
∫
d4x
{
e
a
2κ4
φ
(
Tijk T
ijk − 2 Tijk T kji
)
+ λφLm
}
, (3.12)
where φ is the auxiliary field, which can be identified as the varying Newton’s constant. For
the variation with respect to the frame fields eiµ, we get the gravitational equation of motion.
φ
{
1
2
eµi T
j
ρν
(
Tj
ρν − 2 T νρj
)
− 4 eρi T jρνKµνj
}
+
2φ
e
∂ν
{
e
(
Ti
µν − 2 T νµi
)}
+ 2
(
Ti
µν − 2 T νµi
)
∂νφ = κ4λφΘ
µ
i . (3.13)
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Furthermore, the equation of motion of φ leads to the constraint
a Tijk(T
ijk − 2 T kji) + 2κ4λ
(
Lm +
φ
e
δLm
δφ
)
= 0 . (3.14)
In a pure gravity theory, (3.14) yields (i) Tijk = 0 or (ii) T
ijk = 2 T kji. Note that (i) is the
torsion-free case, which is forbidden due to no gravity. For (ii), it implies that T iik = 2T kii =
0, which contains no torsion vector mode, so that the equation of motion (3.13) reads
eρi T
j
ρν T
νµ
j = 0 . (3.15)
On the other hand, if we assume that ω = ω(φ), under the conformal transformation, φ˜
could be expressed as the function φ˜(φ), as long as det(dφ˜/dφ) exists. Subsequently, we can
have φ(φ˜) by the inverse function theorem, resulting in ω(φ˜) by dφ˜/dφ = ω′ exp(λφω)(1 +
λφω
′φ) with ω′ := dω/dφ. By setting
∂µω = ∂µ ln φ˜ , (3.16)
the Lagrangian density (3.5) without Aµ reads
Lg = e˜ 1
2κ4
{
φ˜ T˜NGR +
(
4 a+ 2 b
)
g˜µν T˜µ ∂ν φ˜+
(
24a+ 12b
)
1
φ˜
g˜µν∂µφ˜ ∂ν φ˜
}
. (3.17)
By comparing the coefficients in (2.13), the new requirements of the conformal invariance
are found to be
2a+ b = −c , (3.18a)
24a+ 12b = 2a+ b+ c , (3.18b)
leading to the solution of 2a+ b = 0 and c = 0 as (3.11). It is apparent that the conformal
invariance gives rise to 2a + b + c = 0, which is the same as (3.6) for the existence of the
Einstein-frame.
C. Weyl Gauge Invariant
In this subsection, we would like to discuss the gauge theory in which the gauge field
would be introduced from the covariant derivative of the scalar filed φ. According to (2.13)
without the Aµ field, the Lagrangian can be rewritten as
Lg = e 1
2κ4
{
φ
(
TNGR − kc gµν TµTν
)
+
c
kφ
(
gµν(∂µ − kTµ)φ(∂ν − kTν)φ
)}
, (3.19)
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where k = c/(2a+b+c) is a fixed ratio with 2a+b+c 6= 0 and c 6= 0, satisfying the equation
1
k
+ 2− 3k = 0 , (3.20)
as shown in Appendix C. We remark that c/k = 2a + b + c > 0 is the ghost-free condition
for this model. As a result, we obtain the conformal gauge invariant condition to be either
2a + b+ 4c = 0 (3.21)
or
2a+ b = 0 (3.22)
with the constraints
2a+ b+ c > 0 and c 6= 0 . (3.23)
The torsion vector Tµ in (3.19) can be identified as the gauge field under the gauge principle
for the conformal/Weyl transformation. Under the transformations
gµν −→ e2ωgµν , Tµ −→ Tµ − 3 ∂µω , φ −→ e−2ω φ , (3.24)
the modified derivative of the ψ field can be defined by ∗∂
(ψ)
µ = ∂µ + (λψk/2)Tµ, where
the weight parameter λψ is defined by the transformation exp(λψω). In addition, we have
λφ = −2 for φ. It can be shown that ∗∂(e)µ eiν = ∂µeiν + (k/2)Tµeiν due to λg = 2λe = 2.
We can define a modified covariant derivative for ψ given by ∗∇(ψ) = ∗d(ψ) + ∗Γ with the
connection ∗Γρνµ = e
ρ
i
∗∂
(e)
µ eiν = Γ
ρ
νµ + (k/2)δ
ρ
νTµ. Under this new covariant derivative, the
nonmetricity vanishes, i.e.,
∗∇(g)µ gνρ = ∗∂(g)µ gνρ − ∗Γσνµgσρ − ∗Γσρµgνσ = ∇µgνρ = 0 . (3.25)
Furthermore, we have
∗T ρµν = T
ρ
µν +
k
2
(δρνTµ − δρµTν) , (3.26a)
∗Tµ = (1− 3
2
k) Tµ , (3.26b)
and we can define ∗T˜ ρµν := (˜∗T )
ρ
µν , read as
∗T˜ ρµν = T˜
ρ
µν +
k
2
(δρν T˜µ − δρµT˜ν) , (3.27a)
∗T˜µ = (1− 3
2
k) T˜µ . (3.27b)
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Note that (˜∗T )ρµν 6= ∗
(
T˜
)
ρ
µν . We can rewrite the derivative as
∗∂
(φ)
µ := ∂µ − λφk2 ∗Tµ in
(3.19) from (3.20) and (3.26b), which leads to the modified covariant derivative ∗∇(φ)µ φ =
∗∂
(φ)
µ φ with the new connection ∗Γρνµ. Under the conformal transformation, the nonmetricity
with respect to the modified connection is
∗∇˜(g)µ g˜νρ = e2ω(∗∇(g)µ gνρ) = 0 , (3.28)
which implies that ∗∇˜(g)µ is an invariant covariant derivative. With the condition (3.21) or
(3.22), we have
e φ
(
TNGR − kc gµν TµTν
)
= e φ
(
∗TNGR − kc gµν ∗Tµ∗Tν
)
= e˜ φ˜
(
∗T˜NGR − kc g˜µν ∗T˜µ∗T˜ν
)
, (3.29)
where we have used the relation ∗T˜ ρµν =
∗T ρµν−(1/2)(δρν∂µω−δρµ∂νω). Consequently, (3.19)
becomes
Lg = e˜ 1
2κ4
{
φ˜
(
∗T˜NGR − kc gµν ∗T˜µ∗T˜ν
)
+
c
kφ˜
g˜µν∗∇˜(φ)µ φ˜ ∗∇˜(φ)ν φ˜
}
, (3.30)
where the covariant derivative for φ˜ is given by
∗∇˜(φ)µ = ∗∂˜(φ)µ +
(
3
2
λφk
2 − λφ
)
∂µω , (3.31)
with ∗∂˜
(φ)
µ = ∂µ − λφk2 ∗T˜µ. which has the same form as φ under the transformation, given
by ∗∇˜(φ)µ φ˜ = e−2ω∗∇(φ)µ φ. Clearly, (3.30) describes a conformal invariant theory. This can be
identified as the Weyl gauge theory on the Weyl-Cartan geometry Y4 [22–24].
We note that the ghost-free condition 2a + b + c = 0 is not considered here due to the
vanished kinetic term of φ. It can be found that the conformal invariant theory (3.12)
is a special case of the Weyl gauge invariant model with (3.21), (3.22) and the ghost-free
condition 2a + b+ c = 0, implying that 2a + b+ c = 0 and c = 0. However, this conformal
invariant theory can not be identified as the gauge theory. See also the discussion for the
case of 2a+ b+ c = 0 in Appendix C.
We remark that the conformal invariant model in telaparallelism with the condition
2a + b + 3c = 0 has been investigated by Maluf and Faria [12]. In their discussion, a new
12
TABLE I. The model parameters a, b, and c in the torsion scalar TNGR with minimal and non-
minimal coupled models.
Model Class
Additional
condition
Reference
Minimal coupled
1
2κTNGR
2a+ b+ c = 0,
(a, b, c) = (14 ,
1
2 ,−1)
- Einstein [6]
- Cho [9]
2a+ b+ c = 0,
c = −1
- Hehl et al. [10]
- Nitsch and Hehl [11]
- Hayashi and Shirafuji [7]
2a+ b+ c = 0,
(a, b, c) = (12 , 0,−1)
Static isotropic metric
in Scherrer [8]
Hehl et al. [10]
Nitsch and Hehl [11]
2a+ b+ c = 0,
(a, b, c) = (14 ,
1
2 ,−1)
Einstein-frame
Geng et al. [21]
2a+ b+ c = 0,
c ≤ 0 Sec. III-A
Non-minimal coupled
(conformal invarience)
1
2κφTNGR
2a+ b+ 3c = 0
k′gµνDµφDνφ,
where Dµ := ∂µ − 13Tµ
with arbitrary k′
Maluf and Faria [12]
2a+ b+ c = 0,
c = 0
- Sec. III-B
2a+ b+ 4c = 0 2a+ b+ c > 0,
c 6= 0 Sec. III-C2a+ b = 0
parameter k′ for the scalar kinetic term is introduced, resulting in a four-parameters model.
In our discussion, the coefficient of the kinetic term of φ is 2a+ b+ c so that the conformal
invariant theory is totally determined by three parameters only.
IV. WEAK FIELD APPROXIMATION
If we define a canonical field Φ :=
√
φ/κ4, the action (2.13) with matter can be written
as
S =Sg + Sm
13
=∫
d4x
{
e
(
1
2
Φ2 TNGR − aκ
2κ24
8
Φ6 gµρgνσFµνFρσ
+ (4a+ 2b+ 2c) gµν∂µΦ∂νΦ− 2c gµν TµΦ∂νΦ
)
+ κ4λΦ
2Lm
}
. (4.1)
In the weak field approximation, the frame field is given by eiµ = δ
i
µ+h
i
µ with |hiµ| ≪ 1, while
the metric tensor gµν = ηµν+γµν can be read as the Minkowski background ηµν with a small
symmetric fluctuation γµν := 2 h(µν). The tensor hµν can be decomposed into the symmetric
γµν and anti-symmetric aµν := h[µν] parts, given by hµν = (1/2)γµν+aµν . The reciprocals of
the frame fields eiµ are e
µ
i = δ
µ
i + fi
µ with fi
µ = −hiµ due to the orthonormality of the frame
fields. Then, the torsion tensor and vector are given by T ρµν = δ
ρ
i (∂µh
i
ν − ∂νhiµ) +O(h2µν)
and Tν = ∂µh
µ
ν − ∂νh + O(h2µν) at O(hµν), respectively, where h ≡ δµi hiµ = hµµ = (1/2)γ
with e = 1 + h + O(h2µν). We expand the geometric part in the Lagrangian (4.1) and keep
terms only in the lowest order:
Lg ≈ 1
2
Φ2 TNGR − aκ
2κ24
8
Φ6ηµρηνσFµνFρσ
+ (4a+ 2b+ 2c) ηµν∂µΦ∂νΦ− 2c ηµνTµΦ∂νΦ , (4.2)
where
TNGR =
1
4
(
(2a+ b)∂µγνρ ∂
µγνρ − (2a+ b)∂µγνρ ∂ργµν
+ c ∂ργρµ ∂σγ
σµ − 2c ∂µγ ∂ργρµ + c ∂µγ ∂µγ
)
+ (2a+ b)∂µγνρ ∂
νaµρ + c ∂ργρµ ∂σa
σµ − c ∂µγ ∂ρaρµ
+ (2a− b)∂µaνρ ∂µaνρ + (2a− 3b)∂µaνρ ∂ρaµν + c ∂ρaρµ ∂σaσµ , (4.3)
which is the well-known Fierz-Pauli Lagrangian [25] with the conditions of (a, b, c) =
(1/4, 1/2,−1) and aµν = 0. The Noether current density for the new scalar Φ becomes
Jµ = (4a+ 2b+ 2c) jµ with jµ := Φ∂µΦ.
Note that the last term of −2c T µΦ∂µΦ in (4.2) gives the scalar current jµ and torsion
vector Tµ (current-vector) interaction with the corresponding Feynman diagram shown in
FIG. 1. By writing Tµ ≈ (1/2)∂ργρµ+∂ρaρµ−(1/2)∂µγ, this term contains the anti-symmetric
tensor interaction −2c ∂ρaρµ Φ∂µΦ, reduced to cΦ2 ∂µ∂ρaρµ by using the integration by part,
which vanishes due to the symmetric property of the two derivatives. As a result, there is
no contribution in the current-vector interaction from aµν . However, the symmetric part
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Φ∂µΦ T µ
FIG. 1. The scalar current and torsion vector interaction in the four-dimensional effective La-
grangian.
cannot be eliminated even the de Donder gauge ∂ργ
ρ
µ− (1/2)∂µγ = 0 is imposed unless the
transversed condition ∂ργ
ρ
µ = 0 or traceless condition γ = 0 is used. Clearly, it is different
from GR in which the de Donder gauge would fix the degrees of freedom. On the other hand,
we can take the transverse gauges for both symmetric and anti-symmetric parts, giving by
∂µγ
µ
ν = 0 and ∂µa
µ
ν = 0, respectively. By choosing γ = 0, the torsion vector Tµ would
vanish automatically, resulting in that the degrees of freedom given by the frame fields in
(4.2) are the tensor modes only.
To simplify our calculation, we take that the variation of matter to be δLm = (−1/2)
∫
T µνδhµν
with T µν := −2δLm/δhµν . Due to hµν = (1/2)γµν + aµν , we define the energy-momentum
tensors respect to γµν and aµν are T
µν
γ := (1/2)T
(µν) = −2δLm/δγµν and T µνa := T [µν] =
−2δLm/δaµν , respectively. The corresponding equations of motion of (4.2) for γµν , aµν , Aµ
and Φ are given by
−jρ
{
2a+ b
2
∂ργµν − 2a+ b
4
(
∂νγρµ + ∂µγρν
)
+
c
4
(
ηρµ∂σγ
σν + ηρν∂σγ
σµ
)
− c
2
(
1
2
ηρµ∂νγ +
1
2
ηρν∂µγ + ηµν∂σγ
σρ
)
+
c
2
ηµν∂ργ +
2a+ b
2
(
∂µaρν + ∂νaρµ
)
+
c
2
(
ηρµ∂σα
σν + ηρν∂σα
σµ
)
− cηµν∂σaσρ
}
−Φ2
{
2a+ b
4
γµν − 2a+ b
8
(
∂ρ∂
νγµρ + ∂ρ∂
µγνρ
)
+
c
8
(
∂µ∂σγ
σν + ∂ν∂σγ
σµ
)
− c
4
(
∂µ∂νγ + ∂ρ∂σγ
σρηµν
)
+
c
4
ηµν γ +
2a+ b
4
(
∂ρ∂
µaρν + ∂ρ∂
νaρµ
)
15
+
c
4
(
∂µ∂σa
σν + ∂ν∂σa
σµ
)}
+
c
2
∂µjν +
c
2
∂νjµ − c ∂ρjρηµν = 1
2
κ4λΦ
2T µνγ , (4.4a)
−jρ
{
2a+ b
2
(
∂µγρν − ∂νγρµ
)
+
c
2
(
ηρµ∂σγ
σν − ηρν∂σγσµ
)
− c
2
(
ηρµ∂νγ − ηρν∂µγ
)
+ 2
(
2a− b
)
∂ρaµν
+
(
2a− 3b
)(
∂µaνρ + ∂νaρµ
)
+ c
(
ηρµ∂σa
σν − ηρν∂σaσµ
)}
−Φ2
{
2a+ b
4
(
∂ρ∂
µγρν − ∂ρ∂νγρµ
)
+
c
4
(
∂µ∂σγ
σν − ∂ν∂σγσµ
)
+
(
2a− b
)
 aµν +
2a− 3b− c
2
(
∂ρ∂
µaνρ + ∂ρ∂
νaρµ
)}
=
1
2
κ4λΦ
2T µνa , (4.4b)
κ4λΦ
2 δLm
δAµ
+ 3aκ2κ24Φ
5(∂νΦ)F
µν +
aκ2κ24
2
Φ6∂νF
µν = 0 , (4.4c)
ΦTNGR − 3aκ
2κ24
4
Φ5FµνF
µν + 2λκ4ΦLm
+κ4λΦ
2 δLm
δΦ
−
(
8a+ 4b+ 4c
)
Φ + 2cΦ∂µT
µ = 0 , (4.4d)
respectively, where  := ηµν∂µ∂ν .
We now consider the conformal invariant model with the conditions in (3.21) and (3.22).
From (4.4a) and (4.4b), along with the gauge conditions ∂µγ
µν = 0, ∂µa
µν = 0 and γ = 0,
we obtain
cjρ
{
2∂ργµν − ∂µγρν − ∂νγρµ + 2∂µaρν + 2∂νaρµ
}
+cΦ2 γµν +
c
2
∂µjν +
c
2
∂νjµ − c ∂ρjρηµν = 1
2
κ4λΦ
2T µνγ , (4.5a)
jρ
{
2c
(
∂µγρν − ∂νγρµ
)
+ 4(b+ 2c)∂ρaµν
+4
(
b+ c
)(
∂µaνρ + ∂νaρµ
)}
+ 2
(
b+ 2c
)
Φ2 aµν =
1
2
κ4λΦ
2T µνa , (4.5b)
for 2a+ b+ 4c = 0 and
c
2
∂µjν +
c
2
∂νjµ − c ∂ρjρηµν = 1
2
κ4λΦ
2T µνγ , (4.6a)
−8ajρf ρµν − 4aΦ2 aµν = 1
2
κ4λΦ
2T µνa , (4.6b)
for 2a+ b = 0, where the totally anti-symmetric tensor f ρµν := ∂ρaµν + ∂µaνρ + ∂νaρµ is the
field strength of aµν . If we assume that the scalar field varies slowly, i.e., Φ ≈ Φc being a
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constant field, we have jµ ≈ 0, reducing (4.5) and (4.6) to be
 γµν =
κ4λ
2c
T µνγ , (4.7a)
 aµν =
κ4λ
4(b+ 2c)
T µνa , (4.7b)
and
0 = T µνγ , (4.8a)
 aµν = −κ4λ
8a
T µνa , (4.8b)
respectively. The Newtonian force can be identified in (4.7a) by defining κ4,eff := 8piG4,eff =
κ4λ/c with the effective Newtonian constant G4,eff = G5/c. It is interesting to note that
only the anti-symmetric tensor aµν survives without the symmetric tensor field γµν in (4.8)
for the 2a+ b = 0 case, which is different from that in TEGR.
V. CONCLUSIONS
We have presented the five-dimensional KK theory in teleparallelism including the vector
Aµ and scalar φ fields. The model has been generalized in a similar way as NGR with the
arbitrary coefficients a, b and c. We have decomposed the terms associated with the fifth
dimension from the five-dimensional Lagrangian, as explicitly shown in Appendix A. We
have concentrated on the zero mode in (2.13) and found that the coupled term between the
scalar derivative and torsion vector is generated after the KK reduction, which is different
from the result in GR.
We have summarized the possible choices of the coefficients (a, b, c) in TABLE I for various
models in the literature. To realize the Einstein-frame for the action in the four-dimensional
effective action in (2.13), we have applied the conformal transformation and eliminated the
gravitational non-minimal coupling terms by taking 2a+ b+ c = 0 with c ≤ 0. By choosing
c = −1, the Einstein-frame can be joined to the one-parameter teleparallel models [7, 10, 11].
For the conformal invariant model without the electromagnetic field, we have obtained the
condition of 2a + b = 0 with c = 0, corresponding to a pure gravity model. Once the
gauge field is introduced, we would construct the conformal gauge theory. Under the ghost-
free constraints 2a + b + c > 0 and c 6= 0 of (3.23), the non-minimal coupling terms of the
torsion vector can be absorbed in the Kinetic term of the scalar field φ by using the modified
17
covariant derivative ∗∇(φ)µ φ := (∂µ + (λφk/2)Tµ)φ with λφ = −2 and the torsion vector Tµ
representing the Weyl gauge potential. In order to satisfy the conformal gauge invariance,
the new condition of 2a + b + 4c = 0 or 2a + b = 0 without Aµ has been found. In such a
modification, the geometry can be regarded as the Weyl-Cartan geometry Y4, resulting in a
Weyl gauge theory. We have also shown that the ghost-free conditions for the theories with
the Einstein-frame and conformal invariant are c ≤ 0 and 2a+ b+ c > 0, respectively.
In terms of the redefinition of the scalar field Φ :=
√
φ/κ4 with the mass dimension one,
the non-minimal coupling of the torsion vector can be identified as the interaction of the
scalar current and torsion vector. For this interaction, we have considered the weak field
limit eiµ = δ
i
µ+h
i
µ with the gravitational waves γµν = gµν−ηµν = 2 h(µν), in which the tensor
hµν = (1/2)γµν + aµν contains both symmetric and anti-symmetric parts. We have shown
that the anti-symmetric tensor aµν does not contribute to the current-vector interaction. For
the conformal invariant theory with 2a+ b+ 4c = 0 and the slowly varying Φ, the effective
Newtonian constant is independent of the fifth dimensional radius r of G4,eff = G5/c. Within
the condition 2a+b = 0, we have demonstrated that only the massless anti-symmetric tensor
mode aµν can exist in the conformal invariant theory.
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Appendix A: The Decomposition Terms
We show the decompositions of the extended five-dimensional torsion scalar as follows:
T¯NGR =TNGR + 4aκ Tl
ρσAρ(∂5e
l
σ)− 2aκ2(gµρAµAρ)(gνσηil(∂5eiν)(∂5elσ))
− 2aκ2ηil(gνρAρ(∂5eiν))(gµσAµ(∂5elσ)) + 2bκT σρkAρ(∂5ekσ)
− 2bκT ρσkAρ(∂5ekσ) + bκ2(gµρAµAρ)(∂5eiν)(∂5ekσ)eνkeσi
− 2bκ2(gµσAµ(∂5ekσ))(Aρeρi )(∂5eiν)eνk
+ bκ2(Aµe
µ
k)(Aρe
ρ
i )(g
νσ(∂5e
i
ν)(∂5e
k
σ))
+ 2cκT jj
σ(Aρe
ρ
k)(∂5e
k
σ)− 2cκT jjρAρeσk(∂5ekσ)
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+ cκ2(Aµe
µ
j )(Aρe
ρ
k)(g
νσ(∂5e
j
ν)(∂5e
k
σ))
− 2cκ2(Aµeµj )(∂5ekσ)eσk(gνρAρ(∂5ejν))
+ cκ2(gµρAµAρ)(∂5e
j
ν)e
ν
j (∂5e
k
σ)e
σ
k , (A1)
T¯i5ˆjT¯
i5ˆj =
1
φ2
η5ˆ5ˆηikg
µν(∂5e
i
µ)(∂5e
k
ν) , (A2)
T¯5ˆijT¯
5ˆij =
κ2
4
φ2η5ˆ5ˆg
µρgνσFµνFρσ + 2κ
3φ2η5ˆ5ˆg
µσgνρAµ(∂5Aν)Fσρ
+ 2κ4φ2η5ˆ5ˆ(g
µρAµAρ)(g
νσ(∂5Aν)(∂5Aσ))
− 2κ4φ2η5ˆ5ˆ(gµσAµ(∂5Aσ))(gνρ(∂5Aν)Aρ) , (A3)
T¯i5ˆjT¯
j5ˆi =
1
φ2
η5ˆ5ˆ(∂5e
i
µ)(∂5e
j
ν)e
µ
j e
ν
i , (A4)
T¯5ˆijT¯
ji5ˆ =
κ
2
eνj g
µρFµν(∂5e
j
ρ)− κ2(Aµeµj )(gνρ(∂5Aν)(∂5ejρ))
+ κ2(Aµg
µρ)(∂5Aν)(∂5e
j
ρ)e
ν
j , (A5)
T¯5ˆi5ˆT¯
5ˆi5ˆ =
1
φ2
η5ˆ5ˆη
5ˆ5ˆ(gµν(∂µφ)(∂νφ)) +
2κ
φ2
η5ˆ5ˆη
5ˆ5ˆ(∂5φ)(g
µν(∂µφ)Aν)
+
2κ
φ
η5ˆ5ˆη
5ˆ5ˆ(gµν(∂µφ)(∂5Aν)) +
κ2
φ2
η5ˆ5ˆη
5ˆ5ˆ(∂5φ)
2(gµνAµAν)
+
2κ2
φ
η5ˆ5ˆη
5ˆ5ˆ(∂5φ)(g
µνAµ(∂5Aν)) + κ
2η5ˆ5ˆη
5ˆ5ˆ(gµν(∂5Aµ)(∂5Aν)) , (A6)
T¯ jjiT¯
5ˆ
5ˆ
i = − 1
φ
T ρ(∂ρφ)− 1
φ
T ρAρ(∂5φ)− κT ρ(∂5Aρ)
− κ
φ
(Aµe
µ
j )(g
νρ(∂5e
j
ν)(∂ρφ)) +
κ
φ
(eνj (∂5e
j
ν))(g
µρAµ(∂ρφ))
− κ
2
φ
(∂5φ)(Aµe
µ
j )(g
νρAρ(∂5e
j
ν)) +
κ2
φ2
(∂5φ)(∂5e
j
ν)e
ν
j (g
µρAµAρ)
− κ2(Aµeµj )(gνρ(∂5ejν)(∂5Aρ)) + κ2(∂5ejν)eνj (gµρAµ(∂5Aρ)) , (A7)
T¯ ii5ˆT¯
j
j
5ˆ =
1
φ2
η5ˆ5ˆ(∂5e
i
µ)e
µ
i (∂5e
j
ν)e
ν
j , (A8)
where η5ˆ5ˆ = η
5ˆ5ˆ = −1 and TNGR is defined in (2.4).
Appendix B: Conformal Transformation of Torsion in D-dimension
The conformal transformations of the torsion tensor and vector in the D-dimensional
spacetime are given by
(D)T˜ IMN = Ω
(D)T IMN + (∂MΩ) e
I
N − eIM (∂NΩ) , (B1a)
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(D)T˜M =
(D)TM + (1−D) Ω−1 ∂MΩ , (B1b)
respectively, where I = 0ˆ, 1ˆ, . . . , D−1 label the orthonormal frame andM,N = 0, 1, . . . , D−
1 the coordinate frame. According to (B1), the conformal transformation of the extended
torsion scalar is given by
(D)T (ext) =Ω2 (D)T˜ (ext) +
(
4 a+ 2 b− (2− 2D) c
)
g˜MN T˜M (Ω ∂NΩ)
+
(
− 2(1−D) a− (1−D) b+ (1−D)2 c
)
g˜MN∂MΩ ∂NΩ . (B2)
Appendix C: Conformal Gauge Invariance Condition
By taking 2a+ b+ c = 0 for the kinetic term of φ in (2.13), the Lagrangian is reduced to
Lg|2a+b+c=0 = e
1
2κ4
{
φ TNGR − aκ
2
4
φ3 gµρgνσFµνFρσ − 2c gµν Tµ ∂νφ
}
, (C1)
while (3.5) can be read as
Lg|2a+b+c=0 = e˜
1
2κ4
{
φ˜
(
aT˜ρµν T˜
ρµν + b T˜ρµν T˜
νµρ
)
− 6 c φ˜ g˜µν ∂µω ∂νω − e6ω aκ
2
4
φ˜ 3 g˜µρg˜νσF˜µνF˜ρσ − 6 c g˜µν ∂µω ∂ν φ˜
}
. (C2)
By comparing (C1), it is apparent that (C2) without the kinetic term and the interaction of
ω and φ is conformal invariant by imposing c = 0 in the absence of the Aµ field. This case
coincides with the discussion in Sec. III B, but it is not a gauge theory.
If (2a + b + c) > 0, we assume that c/(2a + b + c) = k, i.e., 2a + b = (c/k) − c. The
Lagrangian (2.13) can be rewritten as
Lg = e 1
2κ4
{
φ (TNGR − kc gµν TµTν)− aκ
2
4
φ3 gµρgνσFµνFρσ
+
c
kφ
(
gµν(∂µ − kTµ)φ(∂ν − kTν)φ
)}
, (C3)
where c 6= 0. Furthermore, the coefficients in (3.5) can be read as
4 a+ 2 b+ 2 c =
2
k
c , (C4a)
14 a+ 7 b+ c =
(
7
k
− 6
)
c , (C4b)
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2a+ b+ c =
c
k
, (C4c)
8 a+ 4 b− 2 c =
(
4
k
− 6
)
c . (C4d)
In order to compare the Lagrangian (3.5) with (C3), we absorb the term of g˜µν T˜µ ∂ν φ˜ into
the kinetic term of φ˜ in (3.5). As a result, (3.5) becomes
Lg = e˜ 1
2κ4
{
φ˜ T˜NGR +
2
k
c φ˜ g˜µν T˜µ ∂νω
+
(
7
k
− 6
)
c φ˜ g˜µν ∂µω ∂νω
− e6ω aκ
2
4
φ˜ 3 g˜µρg˜νσF˜µνF˜ρσ
+
c
kφ˜
(
g˜µν∂µφ˜ ∂νφ˜− 2 k g˜µν T˜µφ˜ ∂νφ˜
)
+
(
4
k
− 6
)
c g˜µν ∂µω ∂ν φ˜
}
. (C5)
We can use ∂ν φ˜− kT˜νφ˜+ kT˜νφ˜ instead of ∂ν φ˜, leading to
Lg = e˜ 1
2κ4
{
φ˜ T˜NGR − kc φ˜ g˜µν T˜µT˜ν
+
(
4− 6k + 2
k
)
c φ˜ g˜µν T˜µ ∂νω
+
(
7
k
− 6
)
c φ˜ g˜µν ∂µω ∂νω
− e6ω aκ
2
4
φ˜ 3 g˜µρg˜νσF˜µνF˜ρσ
+
c
kφ˜
(
g˜µν(∂µ − kT˜µ)φ˜ (∂ν − kT˜ν)φ˜
)
+
(
4
k
− 6
)
c g˜µν ∂µω (∂ν − kT˜ν)φ˜
}
. (C6)
We also absorb the term of g˜µν ∂µω (∂ν − kT˜ν)φ˜ into the kinetic term of φ˜ as
Lg = e˜ 1
2κ4
{
φ˜ T˜NGR − kc φ˜ g˜µν T˜µT˜ν
+
(
1
k
+ 2− 3k
)
2c φ˜ g˜µν T˜µ ∂νω
+
(
1
k
+ 2− 3k
)
3c φ˜ g˜µν ∂µω ∂νω
− e6ω aκ
2
4
φ˜ 3 g˜µρg˜νσF˜µνF˜ρσ
21
+
c
kφ˜
[
g˜µν
(
∂µ − kT˜µ + (2− 3k)∂µω
)
φ˜
(
∂ν − kT˜ν + (2− 3k)∂νω
)
φ˜
]}
, (C7)
so that (
∂µ − kT˜µ + (2− 3k)∂µω
)
φ˜ = e−2ω
(
∂µ − kTµ
)
φ (C8)
transforms as φ and gives an invariant kinetic term to be
e˜
1
2κ4
c
kφ˜
[
g˜µν
(
∂µ − kT˜µ + (2− 3k)∂µω
)
φ˜
(
∂ν − kT˜ν + (2− 3k)∂νω
)
φ˜
]
= e
1
2κ4
c
kφ
(
gµν(∂µ − kTµ)φ (∂ν − kTν)φ
)
. (C9)
In order to have the conformal gauge invariance without the vector field Aµ in (C7), the
terms φ˜ g˜µν T˜µ ∂νω and φ˜ g˜
µν ∂µω ∂νω in (C7) need to be absence, leading to the necessary
condition
1
k
+ 2− 3k = 0 . (C10)
The solutions for (C10) are k = −1/3 and 1, resulting in
2a+ b = −4c (C11)
or
2a+ b = 0 . (C12)
Consequently, the corresponding gauge invariant Lagrangian is
Lg|k=− 1
3
= e˜
1
2κ4
{
φ˜ T˜NGR +
1
3
c φ˜ g˜µν T˜µT˜ν
− 3c
φ˜
[
g˜µν
(
∂µ +
1
3
T˜µ + 3∂µω
)
φ˜
(
∂ν +
1
3
T˜ν + 3∂νω
)
φ˜
]}
(C13)
for k = −1/3 and
Lg|k=1 = e˜
1
2κ4
{
φ˜
(
aT˜ρµν T˜
ρµν − 2aT˜ρµν T˜ νµρ
)
+
c
φ˜
(
g˜µν(∂µ − T˜µ − ∂µω)φ˜ (∂ν − T˜ν − ∂νω)φ˜
)}
(C14)
for k = 1.
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